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One of the main targets for ground-based gravitational wave (GW) detectors such as Advanced LIGO (Laser
Interferometer Gravitational wave Observatory) and Virgo is coalescences of neutron star (NS) binaries. Even
though a NS’s macroscopic properties such as mass and radius have been obtained from electro-magnetic wave
observations, its internal structure has been studied mainly by using theoretical approaches. However, with the
advent of Advanced LIGO and Virgo, the tidal deformability of a NS, which depends on the internal structure of
the NS, has been recently obtained from GW observations. Therefore, reducing the measurement error of tidal
deformability as small as possible in the GW parameter estimation is important. In this study, we introduce a
post-Newtonian (PN) gravitational waveform model in which the tidal deformability contribution appears from
5 PN order, and we use the Fisher matrix (FM) method to calculate parameter measurement errors. Because the
FM is computed semi-analytically using the wave function, the measurement errors can be obtained much faster
than those of practical parameter estimations based on Markov Chain Monte Carlo method. We investigate the
measurement errors for mass and tidal deformability by applying the FM to the nonspinning TaylorF2 waveform
model. We show that if the tidal deformability corrections are considered up to the 6 PN order, the measurement
error for the dimensionless tidal deformability can be reduced to about 75% compared to that obtained by
considering only the 5 PN order correction.
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I. INTRODUCTION
The presence of gravitational waves (GWs) was predicted
by Einstein in 1916 [1] and 1918 [2]. The strain of GWs, how-
ever, is extremely small; hence, numerous efforts over the past
decades to detect real GWs have failed. Finally, the first GW
signal, named as GW150914, was captured by the two Ad-
vanced LIGO (Laser Interferometer Gravitational wave Ob-
servatory) detectors in September 2015. During the first and
the second observing runs of the network of Advanced LIGO
and Virgo, a total of 10 GW signals from binary black hole
mergers were detected [3–9]. Eventually, a multi-messenger
astronomy era began with the observation of a GW signal
from a binary neutron star (NS) merger in 2017 [10, 11].
Because KAGRA is planning to join the third observing run
[12, 13], the expected detection rate of binary NS mergers is
3.2 ∼ 9.2 times per year with the four-detector network [14].
One of the main targets of Advanced LIGO and Virgo is
compact binary coalescences (CBCs) in which a compact bi-
nary means a black hole-black hole, black hole-NS, or NS-
NS binary. In data analysis for GWs from CBCs, a signal
can be distinguished from noise by matching the detector data
with theoretical waveforms. Once a GW signal is identified in
the detection pipeline, a more detailed analysis can be car-
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ried out in the parameter estimation pipeline based on the
Markov Chain Monte Carlo method. While the main purpose
of the GW detection pipeline is to decide whether the GW
signal enters the data stream or not, the parameter estimation
pipeline seeks source properties such as the mass and the spin
of the system. The result of the parameter estimation analy-
sis is given by probability density functions for the parame-
ters considered, and this process typically requires a very long
time and a large amount of computing resources. On the other
hand, if the incident GW signal is strong enough and buried
in Gaussian noise, the measurement errors can be easily cal-
culated by using the Fisher matrix (FM) method, which is a
semi-analytic approach used to approximate the accuracy of
the parameter estimation.
Recently, the tidal deformability of a NS was measured
from the GWs generated by the merger of a neutron star binary
[10, 15]. This parameter describes the response of a NS to the
external tidal field generated by its companion star. In the cur-
rent GW parameter estimations, the observational constraints
on the NS radii are well estimated; however, the measurement
errors for tidal deformability are not small enough to precisely
distinguish various equations of state (EOSs) [10, 15].
In this work, we introduce a post-Newtonian (PN) wave-
form model, which is expressed in the frequency domain and
is valid for the inspiral waveforms emitted from CBCs. This
model incorporates 3.5 PN order point-particle contributions
and 5 PN and 6 PN tidal corrections. We use the FM method
and calculate the measurement errors of the mass and the tidal
parameters for a nonspinning, equal-mass binary NS assum-
ing the Advanced LIGO detector sensitivity. We investigate
how much the 6 PN tidal correction can improve the accuracy
ar
X
iv
:1
81
2.
05
30
5v
2 
 [g
r-q
c] 
 15
 A
pr
 20
19
2in measuring the tidal deformability.
II. POST-NEWTONIAN GRAVITATIONALWAVEFORMS
The physical parameters used to define waveforms from
CBC systems are divided into two groups. One group includes
intrinsic parameters such as mass and spin, which are directly
related to the dynamics of a binary and the shape of the wave-
form. The other includes extrinsic parameters such as lumi-
nosity distance, sky position, and inclination of the orbital
axis. Unlike the intrinsic parameters, the extrinsic parameters
only affect the wave amplitude; hence, they do not need to be
considered in our analysis. Generally, the correlation values
between intrinsic and extrinsic parameters are much less than
those between the intrinsic parameters [16].
The dynamics of CBCs in the relativistic region can be cal-
culated using numerical simulations, which typically require a
large amount of computing resources. However, in the region
of slow orbital velocity (v0/c  1) and weak gravitational
field (GM/(rc2) 1), the post-Newtonian (PN) approxima-
tion is good enough to describe the CBC dynamics and model
the gravitational waveforms from the CBC inspirals; hence,
much fewer computing resources are required.
The frequency-domain PN waveform model obtained by
using the stationary-phase approximation is called TaylorF2.
The TaylorF2 waveform can be written as
h˜(f) = Af−7/6eiψ(f), (1)
where A is the wave amplitude consisting of the chirp mass
(Mc ≡ (m1m2)3/5/M1/5, where M is the total mass) and
the extrinsic parameters. The phase ψ(f) is expressed as the
PN expansion
ψ(f) = 2piftc−φc− pi
4
+
3
128ηv5
(
ΨPP3.5PN+Ψ
Tidal
)
, (2)
where tc and φc are the coalescence time and the coales-
cence phase, respectively, which can be chosen arbitrarily,
η ≡ m1m2/M2 is the symmetric mass ratio, and v ≡
(piGMf)1/3/c is the characteristic velocity. In the bracket,
ΨPP3.5PN is the point-particle contribution incorporated up to
3.5 PN order [17], and ΨTidal is the contribution by the
quadrupolar tidal interaction, which is discussed in the next
section.
III. TIDAL DEFORMABILITY
In a merging binary NS system, one NS can be deformed
by the tidal field generated by the companion NS. To linear
order, the quadrupole moment Qij induced by the external
quadrupolar tidal field Eij is given by [18, 19]
Qij = −λEij , (3)
which can be decomposed with the symmetric traceless ten-
sor Y lmij defined by spherical harmonics Ylm(θ, φ) [20]. Only
the leading contribution l = 2 is included in our considera-
tion; thus, the constant λ is the l = 2 tidal deformability. The
quadrupole moment is related to density perturbation δρ as
Qij =
∫
d3x δρ(x) (xixj − δijr2/3), (4)
and Eij can be expressed in terms of the external gravitational
potential Φext as
Eij = ∂
2Φext
∂xi∂xj
. (5)
The tidal deformability is defined by [18, 20]
λ =
2
3G
k2R
5, (6)
where k2 is the Love number and R is a radius of the NS. For
a given NS mass, the tidal deformability can vary according
to the EOSs [21].
In a binary NS system, the tidal deformability contribution
is given up to 6 PN order as [22]
ΨTidal(f) = −
[
39Λ˜
2
v10+
(
3115Λ˜
64
−6595
√
1− 4η δΛ˜
364
)
v12
]
,
(7)
where the reduced tidal deformability Λ˜ and the asymmetric
tidal correction δΛ˜ are defined as [22]
Λ˜ = 32
c10λ˜
G4M5
=
16c10
13G4
(
m1 + 12m2
m1
λ1 +
m2 + 12m1
m2
λ2
)
=
8
13
[(1 + 7η − 31η2)(Λ1 + Λ2)
+
√
1− 4η(1 + 9η − 11η2)(Λ1 − Λ2)], (8)
δΛ˜ =
1
2
[√
1− 4η
(
1− 13272η
1319
+
8944η2
1319
)
(Λ1 + Λ2)
+
(
1− 15910η
1319
+
32850η2
1319
+
3380η3
1319
)
(Λ1 − Λ2)
]
,
(9)
where m1 ≥ m2, and Λi = c10λi/(G4mi5) is the dimension-
less tidal deformability of a single star. The subscripts 1 and 2
indicate the individual NSs. Because Λ1 and Λ2 are strongly
correlated, Λ˜ and δΛ˜ are much more efficient in most analy-
ses. Typically, δΛ˜/Λ˜ is about 0.01; hence, the contribution of
δΛ˜ is negligible [23]. In this work, we assume m1 = m2 and
Λ1 = Λ2; then, Λ˜ = Λ1 = Λ2 and the δΛ˜ term vanishes in
Eq. (7).
IV. MEASUREMENT ERROR
Once a detection is made in the detection pipeline, the pa-
rameter estimation pipeline seeks the source parameters based
3on Markov Chain Monte Carlo method. Although it is guaran-
teed to converge, this method typically requires a long com-
putational time. On the other hand, the FM method has gen-
erally been used to predict accuracy of the parameter estima-
tion approximately for high signal-to-noise ratio (SNR) sig-
nals [24, 25] (for a general overview of the FM, refer to [26]).
The FM can be calculated semi-analytically by using the post-
Newtonian waveform; therefore, the measurement errors can
be obtained much faster than those of practical parameter es-
timation.
For a given theoretical waveform h(t) and detector data
stream x(t) that can contain a real GW strain, the likelihood
is determined by [27, 28]
L(x|θ) = exp[−〈x− h(θ)|x− h(θ)〉/2], (10)
where θ is a physical parameter set including a chirp mass
and a symmetric mass ratio, etc. In the above, 〈x|h〉 means
the noise-weighted inner product given by
〈x|h〉 = 2
∫ fmax
fmin
x˜∗(f)h˜(f) + x˜(f)h˜∗(f)
Sn(f)
df, (11)
where fmin and fmax are the minimum and the maximum cut-
off frequencies, respectively, and Sn(f) is the noise power
spectral density of the detector.
In the high SNR limit, the likelihood can be expressed as
[27, 29]
L(θ) ∝ exp[−ρ2{1− 〈hˆ0|hˆ(θ)〉}]
= exp[−Γij∆θi∆θj/2], (12)
where hˆ denotes the normalized waveform, hˆ ≡ h/√〈h|h〉,
ρ is the SNR, ρ ≡√〈h0|h0〉, h0 is the GW signal, and Γij is
the FM defined by
Γij =
〈
∂h
∂θi
∣∣∣∣ ∂h∂θj
〉∣∣∣∣
θi=θtrue
. (13)
The inverse of the FM corresponds to the covariance matrix
of parameter errors. Thus, the measurement error σi and the
correlation coefficient cij can be determined by using
σi =
√
(Γ−1)ii, cij =
(Γ−1)ij√
(Γ−1)ii(Γ−1)jj
. (14)
V. RESULT
We adopt a nonspinning equal-mass binary NS with m1 =
m2 = 1.4M and choose Λ1 = Λ2 = 300 following the
result in [15]. We consider the Advanced LIGO noise curve
given in [30] and assume fmin = 10 Hz. By using the Tay-
lorF2 waveform, we calculate the 5×5 FM whose components
are θi={Mc, η, Λ˜, tc, φc} and present the measurement errors
σMc , ση , and σΛ˜.
Figure 1 shows the cumulative phases from 10 Hz to fmax
due to the 5 PN tidal term (ψTidal5PN ) and the sum of the 5 PN
and the 6 PN tidal terms (ψTidal5,6PN), respectively. The fractional
−1.0
−0.5
0.0
C
om
u
la
ti
ve
p
h
as
e
ψTidal5PN
ψTidal5,6PN
0 100 200 300 400
fmax [Hz]
0.0
0.1
0.2
F
ra
c.
d
iff
.
FIG. 1: The cumulative phase due to the tidal terms ψTidal5PN and
ψTidal5,6PN (upper panel) and their fractional difference (ψ
Tidal
5,6PN −
ψTidal5PN )/ψ
Tidal
5PN (lower panel). We assume fmin = 10.
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FIG. 2: Ratio of the measurement errors between the ψTidal5PN and the
ψTidal5,6PN waveform cases (see text). We adopt a nonspinning equal-
mass binary NS with m1 = m2 = 1.4M and Λ1 = Λ2 = 300.
We consider the Advanced LIGO noise curve and assume fmin = 10
Hz. Note that the measurement error of Λ˜ can be reduced to about
75% at 450 Hz by taking into account the tidal correction up to 6
PN compared to the case in which only the 5 PN tidal correction is
considered.
difference ((ψTidal5,6PN − ψTidal5PN )/ψTidal5PN ) is also given in Figure
1. We show the result only up to 450 Hz because our TaylorF2
model is fairly valid to 450 Hz [21]. Note that the fractional
difference is about 20% at 450 Hz.
Next, we investigate how the 6 PN tidal term contributes to
improving the accuracy in measuring the tidal parameter Λ˜.
We take into account ψTidal5PN and ψ
Tidal
5,6PN in Eq. (2) and cal-
culate the measurement errors for both cases. Figure 2 shows
the ratio of the measurement errors between the ψTidal5PN and
the ψTidal5,6PN waveform cases. One can see that the measure-
ment accuracy of the tidal deformability is significantly im-
proved by including the 6 PN tidal correction. In this case, the
4measurement error of Λ˜ can be reduced to about 75% at 450
Hz compared to the case in which only the 5 PN tidal correc-
tion is considered. On the other hand, the measurements of the
mass parameters (Mc and η) are almost not affected by the 6
PN tidal correction because that is mainly governed by the 3.5
PN point-particle contribution (ΨPP3.5PN), which is about 10
5
times larger than the tidal contribution (ΨTidal) in the cumu-
lative phase evaluated from 10 to 450 Hz.
VI. SUMMARY AND DISCUSSION
We used the TaylorF2 waveform model that incorporates
the 3.5 PN order point-particle contribution with the tidal cor-
rections. By applying the FM method, we calculated the mea-
surement errors of the mass and the tidal parameters for a non-
spinning equal-mass binary NS. We found that the contribu-
tion of the 6 PN tidal correction to the cumulative phase from
10 to 450 Hz is about 20% of the contribution of the 5 PN
tidal correction and that the measurement error of the tidal de-
formability Λ˜ can be reduced to about 75% by including the 6
PN correction in the waveforms.
Tidal deformability is directly related with the NS EOS.
Therefore, in order to restrict various theoretical EOS models,
one must reduce the measurement error of the tidal deforma-
bility. In this context, we briefly demonstrated the necessity
of using higher-order tidal corrections in the GW parameter
estimation. We assumed the maximum frequency cutoff to be
450 Hz in the overlap integration due to the validity of the
waveform model. The changes in our result will be very small
even if we consider much higher cutoff frequencies because
the sensitivity curve of Advanced LIGO used in this work in-
creases very rapidly around 450 Hz. However, future third-
generation GW detectors such as Einstein telescope [31–33]
are much more sensitive than Advanced LIGO, especially in
the high-frequency region; therefore, the impact of the higher-
order tidal corrections on the accuracy in measuring the tidal
deformability can be significantly increased by extending the
cutoff frequency beyond 450 Hz.
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